among others, has culminated in the following theorem of Mergelyan (See Mergelyan [3] ): Given any compact subset C of the complex plane, which does not separate the plane, and given any continuous function/on C which is analytic interior to C, then/can be approximated uniformly on C by polynomials.
The work on the theory of approximations initiated by Weierstrass and continued by Walsh, Keldysh, and Lavrentiev, among others, has culminated in the following theorem of Mergelyan (See Mergelyan [3] ): Given any compact subset C of the complex plane, which does not separate the plane, and given any continuous function/on C which is analytic interior to C, then/can be approximated uniformly on C by polynomials.
This theorem leaves the following question unanswered: If /oi /t, ' • • , fn are continuous functions on C, can a sequence {pk} of polynomials be found with the property that for each integer i with O^i^n the sequence jft"j, where pt denotes the ith derivative of pk, converges uniformly on C to/,? If C is totally disconnected, it is easy to show that the answer to this question is always yes. We omit the simple proof, because a more general result will be given elsewhere. If C is a Jordan arc, the question becomes more complicated. It is clear that if C has a rectifiable sub-arc J, whose endpoints we call 2o and Z\, then for the approximation to be possible it is necessary that fjfi+i(z)dz=fi(zi)-fi(zo) lor O^i^n -l. Thus, if the approximation is to be possible whatever the functions /o, fi, • • • , fn, it is necessary that C have no rectifiable sub-arcs. Conversely, if C is a Jordan arc having no rectifiable sub-arcs, we conjecture that the approximation is always possible. It is the purpose of this paper to prove this conjecture by means of an additional hypothesis, that C satisfy a Lipschitz condition of a fixed order c at a dense set of points. (This concept will be defined below.) The author has been unable to prove the conjecture without this restriction.
If 5i and 52 are any subsets of the complex plane, define d(Si, S2) = min {|zi-z2| | zi£5i, z2£52}. 
=0 for all polynomials p. To prove Theorem 1 we must show that this implies that p.o=pi=
The linear functional L and therefore p.o, • ■ ■ , Pn will be fixed during the discussion.
As an abbreviation we set Lt(p) = flp(<p(t))dpo(t) For the remainder of the proof, the only use which will be made of the fact that C satisfies a Lipschitz condition of order c at points of 5 will be to conclude that the expression just obtained for Lt(p) is valid whenever <f>(t) is in 5. Therefore, the conjecture of the introductory paragraphs can be proved whenever the expression just obtained for Lt(p) can be shown to be valid for a set of values of / which is dense in [0, l].
We now obtain another formula for Lt(p), where now / may be any point in (0, 1). For any polynomial p and any complex number z we have the Taylor's formula Thus we see that aj-X(t0) is a right conditional derivative at to of "Kj-otj with respect to </>, for/^1 and all t0 in (0, 1).
Since aj = 0 lor j>m and since Xy = 0 for j>n, if m>n we see that ««(/), which is a right conditional derivative at t of X",+i -am+i = 0 with respect to <p, must vanish for t in (0, 1). Thus Om = 0. The argument can then be continued to show step by step that at = 0 for i^n.
Therefore an-i(t) is a right conditional derivative at the point t of X" -an-\" with respect to <f>, for all t in (0, 1). If an_i(/)p*0, this implies that [a""i(i) ]~: is a right conditional derivative at t of <p with respect to X". Since <xn_i is continuous on the right, we can find u>t and r>0 such that |a"_i(x)| >r for x in [t, u). Therefore for x in There exists Jordan arcs for which condition (2) is fulfilled. For instance, a Jordan arc which has no rectifiable sub-arcs and which has a tangent at a dense set of points will do, because the existence of a tangent implies that a Lipschitz condition of order 1 is fulfilled. To see this, assume that C has a tangent at <p(to). By this we mean that the parameter t can be so chosen that <p'(to) exists and is not zero. Now if C does not satisfy a Lipschitz condition of order 1 at <b(to), then for each 5>0 there exists z with \<p(to)-z\ <5 such that On the other hand, as 5-*0 the quantity y converges to |<£'(^o)| ■ |</>'(£o)| _1 = 1. This contradiction shows that C satisfies a Lipschitz condition of order 1 at <p(to). To construct a Jordan arc which has no rectifiable sub-arcs and which has a tangent at a dense set of points, let/be any continuous real function on [0, l] such that/' exists at a dense set 5 of points and such that in any sub-interval the set of points where/'
does not exist has positive measure. Let <p(t) =t+if(t), so that </> [0, 1 ] = C is a Jordan arc having a tangent at the dense set of points <p(S). Also C has no rectifiable sub-arcs, because if cp [t, u] were a rectifiable sub-arc then q> would be of bounded variation on [t, u] , which would imply that/' would exist almost everywhere in [t, u] , contrary to the condition on/.
It only remains to construct the function /. The standard techniques for the construction of nondifferentiable functions can be used (see Hobson [2] ). Let \rn} =s be a sequence of irrational numbers which is dense in [0, l] . It is easy to construct inductively a sequence \Cn} of countable subsets of [0, l], each consisting of rational numbers and each containing 0 and 1, such that the accumulation points of C" are exactly rx, • • • , rn, such that the distance of two consecutive points fa and t2 of C" is not larger than 6~nd, where d is the distance between the sets {ti, t2} and {ru • • • , rn}, and such that £>"£C"+i.
Here Dn = Cn\JCn, where C" consists of all points which lie midway between two consecutive points of C". Thus Dn consists of rational numbers, and therefore is disjoint from the se- are not bounded. It follows that f'(t) does not exist, as was to be proved.
